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In this paper we study long range modifications of gravity in the consistent framework of bigravity, which introduces a second massive spin-2 field and allows to continuously interpolate between the regime of General Relativity (mediated by a massless spin-2 field) and massive gravity (mediated by a massive spin-2 field). In particular we derive for the first time the equations for light deflection in this framework and study the effect on the lensing potential of galaxy clusters. By comparison of kinematic and lensing mass reconstructions, stringent bounds can be set on the parameter space of the new spin-2 fields. Furthermore, we investigate galactic rotation curves and the effect on the observable dark matter abundance within this framework.
I. INTRODUCTION
There is overwhelming observational evidence that the largest fractions of the matterenergy content of our universe are not properly understood in terms of their physical properties and are thus commonly termed dark. The observational evidence is entirely based on phenomena on large scales measured via gravitational effects. However, the strongest attempts to address such phenomena as dark matter (DM) are focused on particle physics models. This has to do, on the one hand, with the fact that our understanding of gravity, which roots in the theory of Einstein's General Relativity (GR), has withstood so many experimental tests across a vast range of length scales. On the other hand, while it is straightforward to modify gravity at short scales, it turns out to be conceptually very challenging to modify GR at large scales without running into inconsistencies, such as ghost degrees of freedom, or contradictions with experiments on shorter scales. However, it would be desirable to test if gravity can indeed be modified at large scales, and what this would imply for such observables as the mass density of DM. This investigation is crucial, since our attempts to test the above mentioned particle physics models are guided strongly by assumptions about the local DM density, which on the other hand is calculated under the assumption of pure Einstein GR.
A sufficiently wide framework of consistent extensions of GR, has in fact recently been discovered, based on multi-metric gravity [1] . For the sake of concreteness, we will focus on the bimetric case in this work, where two tensor fields are present. The theory is constructed such that one tensor mode remains massless while the other obtains a non-vanishing mass, comprising in total seven degrees of freedom. A priori, such a theory contains too many degrees of freedom and, related to that, massive gravity is often plagued by the BoulwareDeser ghost [2] . This was a long standing issue, beginning with the proposal of a linear spin-2 theory in the first half of the 20 th century by Fierz and Pauli [3, 4] . Only recently it has been proven [5] [6] [7] [8] [9] [10] [11] [12] [13] that the construction of massive gravity using a second reference metric removes these pathological degrees of freedom and is free of the Boulware-Deser ghost. This framework, due to de Rham, Gabadadze and Tolley (dRGT), was later extended to a bimetric theory in Refs. [14, 15] , where both tensors are dynamical. An important feature of theories of massive gravity is that, at small distances, GR is restored by non-linear effects resolving the long-standing van Dam-Veltman-Zakharov discontinuity found when the graviton mass goes to zero. [16, 17] This phenomenon was conjectured by Vainshtein already in the 1970s [18] and has been demonstrated explicitly for bimetric and dRGT massive gravity [19] [20] [21] [22] [23] [24] [25] [26] .
Let us first give a brief overview of existing studies considering similar effective, nonrelativistic potentials as ours. Following a pioneering work [27] , most follow-up studies of modified gravity models that induce mixed Yukawa-Newton potentials, tried to argue that DM is obsolete. This was done either by means of a proof of principle studying individual examples [28, 29] , or larger data sets [30, 31] , some even including galaxy clusetrs as we do [32, 33] . While these studies argued against the existence of DM, others were less biased allowing a for a DM component [34, 35] . And yet others quantified the observational bias on galaxy haloes that would be induced by assuming instead of the Yukawa force, Newtonian gravity [36] . A more recent idea, including for the first time the phenomenological impact of the Vainshtein screening, was made in Ref. [37] . There, the authors have derived constraints by demanding that the galactic scale is contained entirely in the Vainshtein regime, such that the GR predictions apply. Also, an attempt was made recently in studying the longrange effects of dRGT massive gravity on galaxy dynamics [38] ; however, only in a specific regime, and once again neglecting the Vainshtein screening. Similarly, in Ref. [39] the authors explored generic Yukawa-type modifications of the gravitational potential on galaxy rotation curves, also disregarding the Vainshtein effect. See also [40] for a recent review.
Our work, in contrast, focusses on bimetric gravity while simultaneously trying to be as unprejudiced as possible. To be more specific, we put the model to test at galactic and extra-galactic scales, attempting to account for the Vainshtein screening mechanism. We quantify how large a deviation from GR one actually finds, how much of it is tolerable and maybe even favourable in the sense of improving the fits to the data. In addition, we study not one scale of physical systems, namely galaxies, but also take into account galaxy clusters, and attempt to implement the Vainshtein mechanism into our phenomenological survey. This work is only meant as a pilot study of some individual measurements, and is by no means a full-fledged survey of galactic and extra-galactic effects. However, we believe that the results are encouraging for further, more detailed studies.
The remainder of this manuscript is structured as follows. In Sec. II we introduce the framework and derive the induced non-relativistic gravitational potential and the lensing potential in bigravity. In Sec. III we use these results to obtain constraints on the massive spin-2 field from cluster X-ray and weak lensing observations. In Sec. IV we study galaxy rotation curves and the impact on the expected DM abundance. In Sec. V a general scaling argument for systems with a Vainshtein mechanism is discussed. Finally, we summarise and discuss our results in Sec. VI.
II. THE BIMETRIC FRAMEWORK
We study a variant of the dRGT theory of massive gravity, which gives a simple explanation for late-time acceleration in terms of the graviton mass [41] [42] [43] [44] [45] [46] [47] [48] [49] . However, it has been found that phenomenologically viable, cosmological solutions are unstable and therefore some modifications are required [50] [51] [52] [53] [54] [55] [56] [57] . Arguably, the simplest modification is to render the background metric dynamical itself and thereby obtain what is called bimetric gravity, or simply bigravity [14] . In fact, one could argue that bigravity is the more fundamental framework, as it arises naturally from extra-dimensional models, e.g. via dimensional deconstruction [58, 59] . Following such a procedure, one is led to matter coupling diagonally to the two tensors, i.e. visible and hidden matter sectors each have their own metric tensor. While more exotic settings display some interesting cosmological effects [60] [61] [62] [63] [64] , we will disregard such a hidden matter sector, and focus on the visible matter coupling only to one tensor -including however a DM component -as other couplings typically lead to inconsistencies [65] [66] [67] [68] [69] .
The action for the two tensor fields g and f is given by
Equivalently, we find for the f -metric ∇(f ) µ
= 0. These additional equations are known as Bianchi constraints, which are in general not independent. We now show the phenomenological consequences of the bigravity extension for the non-relativistic gravitational potential and gravitational lensing effects.
A. Gravitational Potential in Bigravity
The effective Newtonian potential felt by a non-relativistic observer in a static and spherically symmetric potential of a point source of mass M has been calculated in [26, 70] and
with α(θ) := cos 2 (θ) 1 + Below, we will assume that, as we lower r below r V , the two regimes are smoothly interpolated. As a working hypothesis, we propose an effective mixing angle to account for this phenomenon, which is defined as follows:
where ∆r is treated as a free parameter in our analysis. This parameter encodes the effect of the extended matter distribution on the Vainshtein mechanism, which are difficult to calculate from first principles. Thereby, we find that for r r V , θ eff = θ and for r r V , we have that θ eff = 0, i.e. GR is recovered. Finally, we use the following expression for the Vainshtein radius, motivated by the study of spherically symmetric solutions, cf. Refs. [19-22, 26, 70] :
with the Schwarzschild radius r S = 2G N M . For scales r r V one finds that non-linearities become important and conspire to restore GR. 1 The regime r r V turns out to be well approximated by a linearised treatment. We will discuss the finite matter extension effects in Sec. IV.
B. Bending of light in Bigravity
As discussed above the metric and thus the lensing potential in bigravity are exactly the same as in GR inside the Vainshtein sphere. However, outside we find the deviation by considering the metric around a spherical body in a linear approximation [70] , which can be written as
The null-geodesic equation for an impact parameter b is readily derived from this and reads (14) gives a good estimate of ∆φ when m g R < 1.
To solve this equation, we introduce the variable u ≡
R r
, where R is the radius of closest approach, obtained by setting dr dφ r=R = 0, and which is related to b via
Finally, expanding the exponentials in
, we arrive at the geodesic equation,
Furthermore, the final expression for the light deflection angle is given by
which can be solved in principle via Eq. (12) . In GR one makes use of the fact that e ν e λ = 1, which is no longer true in bigravity; in fact, e ν e λ ∼ e −mgr , i.e. it is the piece that carries the information about the massive spin-2 mode. In order to arrive at a final result, we plug Eq. (10) into (13) before expanding in powers of
Unfortunately, we cannot give a closed form expression for ∆φ obtained from the integration of Eq. (13) due to the u-dependent exponentials in the integrand. However, one can find a satisfactory approximation by observing that the exponentials of the form e −mg R/u are only relevant in the case where m g R < 1. In this case, they are close to unity when the integration variable u → 1, and approach zero as u < m g R. We capture this behaviour by replacing these exponentials as e −mg R/u → e −mg R , and shifting the lower integration boundary from u = 0 to u = m g R. The resulting expression reads
Note that this expression develops an imaginary part when m g R > 1; however, one can safely disregard the part proportional to β(θ) in this regime, e.g. numerically via a Heaviside stepfunction. Another approximation one can make is m g R 1, keeping only the exponential in Eq. (14), which yields
We compare the different results for ∆φ in Fig. 1 and conclude that Eq. (14) gives a fair approximation to the numerical solution, while Eq. (15) does not reproduce the numerical result for m g R < 1 -as was to be expected.
III. CONSTRAINTS FROM GALAXY CLUSTERS
Our goal is to break the degeneracy of the effect of bigravity and the potential effect of a DM component. To this end we study physical systems of different size and mass. We will begin by investigating the effect of bigravity in the largest gravitationally bound systems in the Universe, namely galaxy clusters. As we will illustrate now for bigravity, the ratio of kinematic mass and lensing mass estimates differs from unity, which is never the case in GR. Thus we are able to set limits on the bigravity model, without any assumptions on the mass-to-light ratio of the object.
A. Gravitational Lensing
Depending on the graviton mixing angle θ, the deflection angle of light changes according
where f GL (θ) is found by performing the integral in Eq. (13) and is well approximated by
as we have seen in the previous section. Since this function does not depend on the radius, derivatives of the deflection angle (such as lensing shear and convergence) will change by the same factor f GL . Mass estimates from gravitational lensing (taken outside the Vainshtein radius) will hence change as
Thus, observing the strength of the lensing effect, we can reconstruct the lensing mass responsible for the light bending M lens , which depends on the bigravity parameters m g and θ.
We will now turn to a method to reconstruct the gravitational potential in a cluster, by X-ray observations to have an independent observable of the induced metric.
B. X-ray Emission of Galaxy Clusters
As discussed above the gravitational potential is replaced by
with
In hydrostatic equilibrium,
According to (19) ,
In spherical symmetry and ordinary gravity,
and thus from (22)
For an ideal gas,
so that hydrostatic equilibrium (21) requires
Since the left-hand side of this equation is measured and thus remains unchanged, Eq. (26) implies that the mass inferred from X-ray data will change according to
Therefore, we can determine the effective underlying parameter M kin which sources the gravitational potential. The ratio of cluster masses inferred from X-rays and gravitational lensing is therefore expected to change according to
This ratio R M contains non-trivial information about both principal functions of the induced metric λ and ν. It will be useful to search for deviations from the GR result, which is
Notice that in order to arrive at Eq. (28), we have to assume that light propagates outside the Vainshtein sphere, which turns out to be a sensible approximation for the physical systems under consideration. Otherwise a more involved analysis of the gravitational potential inside cluster is needed which is beyond the scope of this work, cf. Appendix A.
C. Identifying Clusters against the CMB
The CMB temperature fluctuations normalise the small-scale density fluctuations via the shape of the power spectrum. Thus, the expected number of galaxy clusters can be predicted from it. Via the thermal Sunyaev -Zel'dovich (SZ) effect, clusters can directly be seen against the CMB. The inverse Compton scattering off high energy electrons in clusters causes distortions of the CMB spectrum. However, the observed number of clusters is substantially lower than that expected. Since the thermal SZ effect needs hot gas, one solution could be that clusters of a given mass are cooler than expected. Tentatively reconciling this conclusion with hydrostatic equilibrium, there must be non-thermal pressure support, or a deviation from the relation M kin /M lens = 1. This is quantified by the hydrostatic bias factor introduced above, which needs to be smaller than unity, R M = 0.66 . . . 0.99 (depending on the prior chosen), cf. Ref. [72] . 
D. Bigravity effect on observations of lensing in clusters
Combining the results of the previous subsections, we can explore the effects of the modified potentials by producing Fig. 2 , where the ratio R M is shown for a cluster of radius R c = 5 Mpc. We quote the aforementioned value for the bias parameter R M = 0.66 . . . 0.99, suggested by CMB observations. We see that in a region where the mass of the massive spin-2 mode lies roughly between 10 −31 eV and 10 −28 eV, a reduction of the ratio R M is indeed feasible for large (θ π/4) mixing angles. Moreover, in the limit of pure massive gravity (θ = π/2), there is a mass window 10 −28 eV m g 10 −27 eV, where the ratio nearly vanishes. Therefore, it remains an intriguing question whether the tension with the GR prediction of R M is indeed due to deviations from hydrostatic equilibrium or a hint for new physics in the gravitational sector. in both regimes.
E. The MACS J1206.2-0847 Cluster
We now use data of the MAssive Cluster Survey (MACS) galaxy cluster J1206.2-0847, located at a redshift z = 0.44 [73] [74] [75] [76] , to explicitly demonstrate the effect of the deviation of the kinetic and lensing masses. In Ref. [77] two different techniques were used to obtain information about the kinematic mass M kin , i.e. the mass inducing the gravitational potential.
Combining both, a reconstruction of the mass was possible within the viral radius as well as beyond it. The crucial part for our analysis is the comparison between the reconstructed M kin and the lensing mass M lens obtained for the same cluster in [76] . As discussed above, outside the Vainshtein radius the ratio R M of these masses will deviate from one.
In order to draw quantitative conclusions, we compare the observations of R M and the model prediction of bigravity as a function of the two parameters graviton mass, m g , and the graviton mixing angle, θ. We perform a χ 2 analysis and show the results in Fig. 3a . We find that a large region of the mass window of interest is already ruled out at the 95% confidence level (C.L.) when the mixing angle is large enough. This is consistent with previous studies of lensing constraints in pure massive gravity [78] . An intriguing observation is that for m g 10 −31 eV and large mixing angles the χ 2 of the fit is reduced significantly relative to the null hypothesis R M = 1. For this particular choice of parameters, which yield the best fit as indicated by a blue star in Figs. 2 and 3a , we present the fit to the data in Fig. 3b .
F. The Bullet Cluster
The main idea behind this analysis is the difference in the gravitational effect of compact structures and extended gravity sources in theories with a Vainshtein mechanism at work.
Let us first define the radius r M within which the major matter fraction is concentrated.
Furthermore, under a certain graviton mass hypothesis we find the would-be Vainshtein radius given the enclosed mass r V (M in , m g ). We distinguish two cases, 1)
and 2) r V (M in , m g ) < r M . In case 1) the Vainshtein radius is equivalent to the one found in the Schwarzschild spacetime, while in case 2) the matter backreaction effect stops the longitudinal mode from propagation within r M , as discussed in Ref. [79] . Thus we find that the effective region where GR is restored is within the r
The two galactic core components of the bullet cluster [80] , correspond to the case 1).
On the other hand, the plasma component, which is located at the center of the cluster collision and is displaced due to ram pressure, is not sufficiently compact and corresponds to case 2). As mentioned above, the matter coupling in the plasma clouds leads to the non-propagation of the longitudinal polarisation of the graviton. Thus, within the plasma cloud, GR is restored in the same way, as in the Vainshtein sphere around the more compact stars. For the our analysis we assume that within the region approximately homogeneously filled with gas, the gravitational law of massless gravity holds.
In Fig. 4 we show how the mass of the Bullet cluster, reconstructed from weak lensing [81, 82] changes when the effective mixing angle in bigravity is varied. In particular assuming only the stellar and plasma masses as sources of gravity, the surface mass density is computed in pure GR (Fig. 4 a) ), which is well approximated by the lens convergence κ. Then in (Fig. 4 b) to a stronger apparent lensing potential. This would lead to a larger perceived mass surface density around the stars than in GR, but does not affect the lensing of the plasma cloud. In the regime with significant graviton mixing, it becomes obvious that indeed the displacement of the largest mass fraction, with respect to the plasma, is due to the fact that galaxies are collisionless. However, the modification of the lensing potential in bigravity lets their lensing mass appear higher at large scales than expected in GR. The qualitative picture seems to match the observations presented in Ref. [83] . eV, systems with lower densities than 2.5 · 10 5 M /kpc 3 would be completely GR dominated.
Therefore, we find that in bigravity the existence of systems which lack the DM phenomenon could occur naturally and is an interesting tool to constrain the graviton parameter space.
We will discuss the impact of a recently observed, baryon-dominated galaxy on the graviton parameter space in the next section.
IV. GALAXY ROTATION CURVES
The previous section showed that, due to the Vainshtein mechanism, gravitational interactions are modified in the framework of bigravity on extra-galactic scales. Given that the Vainshtein radius itself is a function of the Schwarzschild radius, and hence of the mass of the system under consideration, one is led to ask if galactic dynamics are influenced, too.
In the following we try to answer this question by means of galactic rotation curves; however, we emphasise that conclusive statements could only be drawn from a survey of many galaxies, while in this work we study only a few examples. We proceed as follows: first, we find a model for a galaxy that gives a good fit to the data with GR interactions and a DM halo, which we take to have a profile as proposed by Navarro, Frenk and White (NFW) [84] .
We then turn on bigravity, i.e. choose a non-zero mixing angle and graviton mass and repeat the analysis. We then quantify how much particle DM is needed with respect to GR.
Interestingly, we find that the best-fitting point is one with reduced DM content, a non-zero mixing angle, and a graviton mass within one order of magnitude of the best-fitting point from the previous section.
Let us now go through the details. We demonstrate our analysis using the ESO138-G014 galaxy, which was observed at a distance of 18.57 Mpc [85, 86] and has a well measured velocity profile, see also Ref. [87] . Moreover, we perform a fit to a set of low surface brightness galaxies from Ref. [88] to derive bounds on the bigravity parameter space.
In order to fit the rotation curves, we assume that the relation v(r) = r dφ dr holds, and (a) rotation curve parameter scan with 95% exclusion limits from the χ 2 distribution.
Best-fit point (red star) and the least DM point (yellow star). modify the potential φ, following the above reasoning, as
where the mixing angle is replaced by an effective mixing angle, as defined in Eq. (7), to account for the Vainshtein mechanism. Since the potential is a solution to a linear, inhomogeneous Poisson equation, the squared angular velocities related to the different mass components simply add up linearly as is the case in GR. We assume that the galaxy is composed of gas, a disk of ordinary (baryonic) matter and a DM halo. The gas component is inferred from the HI emission and is modelled by assuming a proportionality of mass and luminosity and an exponentially decreasing profile,
where the mass-to-light ratio L is a free parameter. Following Ref. [87] , we model the baryonic disk such that, given a 1/r potential, the effective mass distribution would be The final component is the DM halo, which we assume to have an NFW profile, The HI fit is straightforward and details are not shown here. In agreement with Ref. [87] , we find that M HI (20 kpc) = 6.4 · 10 9 M . A fit to the rotation curve in GR is displayed in Fig. 6a and illustrates the typical fall-off in velocity for the baryonic matter which is counteracted by the DM to fit the data. In GR, one needs approximately 57% of the total mass inside the central galactic region to be DM, in order to fit the rotation curve. Several important features of Fig. 5 should be highlighted at this point. First, we observe that for large mixing angles and masses 10 −29 eV, more DM than in GR is needed. This is to be expected, as for large mixing we are close to massive GR, while the large mass induces an early exponential fall-off of the Yukawa force. Thus, the missing gravitational force has to be counteracted by even more DM than needed in GR.
The point in the m g -θ plane with the lowest χ 2 , is marked with a red star in Fig. 5a .
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Notice that this point is within one order of magnitude of the best-fitting point shown for the lensing in Fig. 3a . While this point improves the value of χ 2 compared to the GR result, it results in a DM component of only slightly lower mass, M DM /M GR 95%, also cf. Fig. 6b where the corresponding fit to the rotation curves is shown. Indeed, we observe that most of the data points are inside the Vainshtein sphere, while the transition to the modified regime is used to fit a feature for the most out-lying data points.
Next, one may observe that there is a region of intermediate mixing and masses 10 −29 eV ≤ m g ≤ 10 −27 eV, where the fit reduces the amount of DM needed to a point where very little non-baryonic matter is required to obtain a good fit to the data. Again, we
show an example in Fig. 7a , which corresponds to the point in parameter space which requires about a factor 15 less DM mass compared to GR, corresponding to M DM /M GR 7%, and is thereby the point in parameter space with the smallest DM component. Finally, we point out to the reader that the Vainshtein mechanism sets in as we lower m g further, and no deviations from GR are expected.
A final exercise is trying to fit the data without any DM. This is shown in Fig. 7b , where we find the best-fitting point at a mass m g = 2 · 10 −29 eV, slightly below the best-fitting
curve. However, it should be emphasised that this does not correspond to the total mass of the DM halo, since the latter may extend far beyond the visible components. Alternatively, one may proceed as was done e.g. in Ref. [39] , where the mass parameter of the NFW density profile was used instead. 3 While the region we display as exclusion region is based on a sound statistical foundation, we emphasise that the best-fit points shown in this work have a generally low statistical significance. We merely indicate these to highlight that the fits can be improved, in principle. point found above. However, we note that the fit is slightly worse (∆χ 2 = 0.2) when no DM halo is included, which disfavours this scenario.
The main conclusion of this section is that in most of the graviton parameter space where an effect on the rotation curve is expected, the degeneracy with the unknown DM component does not allow to place any limits. Only in a small range of graviton masses the χ 2 function gets worse and disfavors this scenario. This graviton mass range, however, is already excluded by the cluster observations considered in the previous section. One caveat to this conclusion is the limit of pure massive gravity (θ = π/2). For masses m g 10 −26 eV the Yukawa-suppression becomes too strong to yield any acceptable fit and this regime is therefore ruled out, cf. Fig. 9 below. Any parameter point close to θ = π/2 could then in principle be rendered viable at the expense of a very large DM component, counteracting the smallness of the long-range force. This behaviour has been confirmed with two more sets of galactic rotation curves containing low surface brightness galaxies [88] and [89] , which we do not show explicitly at this point, but include in our combined exclusion plot which can be found in our discussion, Sec. VI.
A. A galaxy without Dark Matter
Recently, astronomers have observed the galaxy NGC1052-DF2, which appears to contain no, or very little DM [90] . This interesting observation has been used to constrain the viabil-ity of modified gravitational theories such as modified Newtonian dynamics (MOND), [91] which try to replace DM by modifying gravity on appropriate scales [92] . The absence of DM in an object of galactic size is therefore a challenging -if not impossible -task for such theories. The point of view taken in this paper is quite different to the approach of MOND etc. Knowing that bigravity modifies the gravitational potential on a certain scale, we ask how much DM do we need to explain the observed data, instead of trying to replace it entirely. In this spirit, we can use the observation of the galaxy NGC1052-DF2, assuming the absence of DM in it, to put constraints of the viable parameter combinations in bigravity.
Excluding the region m g > 10 −25 eV from our analysis, where one could add more and more DM to counteract the very strong Yukawa suppression, it is assumed that the galaxy contains no DM. Given the rotation curve data, we then find a fit to the data points and demand that the total mass remains below 3. and 10 −30 eV ≤ m g ≤ 10 −27 eV. This region is included in our summary plot, Fig. 9 .
V. SCALING BEHAVIOUR
In the previous sections we observed a curious effect. It turns out, that the induced metric in bigravity has quantitatively an effect of enhancing the gravitational effect of the matter source. This leads to emergent but spurious additional matter if the GR metric only is used. In particular, there are parameter choices at which the effect becomes relevant simultaneously at galactic and cluster scales. We will now present a generic scaling argument based on the Vainshtein mechanism, wich supports this observation.
The gravitational anomaly, which is commonly explained entirely by the presence of a mainly gravitationally interacting, non-baryonic, non-relativistic matter component is observed in various physical systems. Thus, DM seems to have an effect on the gravitational interaction on vastly different scales. Alternative explanations to the DM phenomenon involve theories with a new scale at which the gravitational law is modified. But how should this scale depend on the mass of the object to affect all astrophysical systems in which the DM effect is observed? To answer this question, we note that, if the critical length scale has a power law mass dependence r c ∝ M n , then the critical volume around which gravity is modified scales as V c ∝ M 3n .
The general scaling of the virial volume of gravitationally bound systems vs. the estimated stellar mass component in the central region of the objects. The tentative scales of the objects are taken from [93] . The deviations from the GR behaviour set in at scales above the blue and magenta lines for theories with Vainshtein scaling and MOND, respectively.
We compare in Fig. 8 the scaling behaviour of MOND and the scaling of the critical length scale found in massive extensions of gravity with data. It is widely known that while MOND can be adjusted to explain some of the DM effects on galaxy scales, [92, [94] [95] [96] [97] it seems to fail in galaxy clusters [98] [99] [100] . 4 The failure of MOND in clusters can be easily seen from Ref. [103] that go beyond the non-relativistic MOND framework.
On the contrary the Vainshtein mechanism in massive gravity extensions has a critical length which scales as r V ∝ (M λ 2 g ) 1/3 , with λ g being the wavelength of the graviton. Thus, the volume around which gravity is modified scales as the central mass source of the system
. This is also trivially the case in DM halo models. Hence, we observe that massive gravity could alter our predictions of the amount of DM in compact gravitationally bound systems. A further unavoidable consequence of this modification of gravity is that the scale of the enhanced gravitational potential is linked to the baryonic matter scale.
Observational evidence of this has been recently discussed in [104] .
In general the Vainshtein mechanism in non-linear theories of massive gravity can be described by studying the equation of motion for the helicity-0 mode in the decoupling limit. As discussed in Ref. [79] we have the following equations of motion for the canonically normalised helicity-0 and helicity-2 modes:
where E αβ µν follows from the linearisation of the Einstein tensor. When the term E φ is subdominant, it can be estimated that φ ∼ T ≡ T µ µ andĥ µν ∼ T µν . Since the physical metric is a linear combination, h µν ∼ĥ µν − η µν φ, this corresponds to the regime of massive gravity.
Contrarily, when E φ dominates the evolution of φ, the latter becomes non-dynamical and subdominant, φ ĥ µν . Therefore the physical metric comprises only two degrees of freedom, h µν ∼ĥ µν , i.e. GR is restored. This simple argument has been studied and confirmed in more detail in Refs. [19] [20] [21] [22] , and was also confirmed via numerical studies for massive and bimetric gravity [24, 25] .
Quite generally, the non-linear interactions lead to
where
is the strong coupling scale and leads to a Vainshtein radius
Our observation shows that only those theories will be relevant for DM observations on multiple scales in which (k − 1)/n = 1/3. This implies that
* being the central mass. Thus, the restriction on the space of viable theories is that non-linear interactions of the helicity-0 modes have to only contain interactions with two powers of derivatives per one power of the field. Bigravity is an example of such a theory with k = 2, but certainly not the only one.
VI. DISCUSSION AND CONCLUSION
Massive gravity, i.e. gravity mediated exclusively by a massive spin-2 field, is subject to very strong constraints, most notably from weak lensing surveys, m g < 6·10 −32 eV [105] [106] [107] .
Although this bound is somewhat model-dependent, it tightly restricts the available parameter space of the massive spin-2 mode. In this work, we have considered a framework where the second tensor field, which is a necessary ingredient for the graviton to become massive, becomes dynamical itself. Thereby, two tensor modes are present in the particle spectrum and mediate different forces, one long-range Coulomb-type force and one Yukawa-type force.
A peculiar feature of massive spin-2 fields is the Vainshtein mechanism, an intrinsically nonlinear effect, which is hard to implement in simple calculations. We have taken a pragmatic point of view, assuming that GR is continuously restored within a spherical volume of radius r V , and studied the effects of the superimposed spin-2 mediated forces.
First, we have derived the deflection angle of light in bigravity, which is considerably more complex than in GR, and found a sufficiently accurate analytical approximation. To the best of our knowledge this is a new result and has not been derived in the literature so far. We have then used this result to study the differences expected in mass estimates of galaxy clusters inferred from weak lensing and hydrostatic considerations. We have found that the results may differ drastically from the GR prediction, where the masses are predicted to be equal, and which has allowed us to derive new constraints on the bigravity parameter space. We have also used this finding to explain a tentative anomaly in cluster mass ratios that has been observed and quantified with a 'hydrostatic bias parameter' by the Planck collaboration [72] , and that, depending on the analysis method, seems to indicate a deviation from the GR prediction. Furthermore, we have studied the MACS J1206.2-0847 cluster to illustrate how the data can be fitted by means of the modified mass ratio and derived constraints on the bigravity parameters (m g , θ) wherever possible.
In a next step, we have used data from spiral galaxies to fit the corresponding rotation curves. We find that this, too, provides strong constraints, allows one to lower the required DM fraction in the galactic center to maximally 7% of the amount needed in GR, or improve the fit to the rotation curve data; albeit, not simultaneously. Fig. 9 shows a compilation of all constraints and best-fitting points found in our analysis. We have also included the bound from solar system tests (grey hatched region), and Figure 9 . Combined 90% exclusion regions derived in this and previous publications. The largest region is excluded due to the lensing constraints discussed in Sec. III E (blue region). For completeness, we have also included the best-fitting points in corresponding color coding. The grey, hatched region is excluded from solar system tests [108] , while the magenta and green regions are excluded from gravitational wave observations [109] . Finally, we exclude the region where the graviton Compton wavelength exceeds the observable universe, m g < H 0 . The dashed contours indicate the predicted local DM density in percent of the GR expectation.
gravitational wave observations (green and magenta regions), see e.g. [105, 109] . Finally, we disregard the region, where the graviton Compton wave length exceeds the observable Universe, m g < H 0 .
While this manuscript is certainly only a first step towards fully understanding the longdistance behaviour of bigravity, the results are quite encouraging to extend these surveys beyond our simple treatment, and, e.g., fully take into account non-linear effects and/or to study, in addition, the CMB, structure formation to name only a few more observables of interest. Given the scaling behaviour of the Vainshtein mechanism discussed in Sec. V, studying the modified astrophysical and cosmological predictions is an important and pow-erful tool, since any best-fitting point for some observable, say for the tentative cluster anomaly, will have consequences for a variety of length scales and must therefore pass a series of constraints on these scales to be a viable explanation. Similarly, this scaling allows one to probe all of the available parameter space through whichever observation is most sensitive. Ultimately, it is crucial to further constrain this scenario, because of the fact that the local dark matter density and the gravity modification by theories with Vainshtein scaling have a considerable degeneracy. Otherwise, our searches for particle dark matter might be based on incorrect premises about the local density. 
where we have used the short-hand notation x 0 ≡ m g r 0 , and the exponential integral function is defined as 
This result is consistent with known results in the literature [39] .
